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a b s t r a c t
In thiswork,we study the boundedness and the global asymptotic behavior of the solutions
of the difference equation
yn+1 = α · e
−(nyn+(n−k)yn−k)
β + nyn + (n− k) yn−k , n = 0, 1, . . . ,
where α and β are positive real numbers, k ∈ {1, 2, . . .} and the initial conditions
y−k, . . . , y−1, y0 are arbitrary numbers.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The globally asymptotic stability of the difference equation
yn+1 = α + βe
−yn
γ + yn−1 , n = 0, 1, 2, . . . (1.1)
was investigated in [1], where the parametersα, β and γ are positive numbers and the initial conditions y−1, y0 are arbitrary
non-negative numbers.
Ladas et al. [2] studied the global stability of the difference equation
xn+1 = α + βxn−1e−xn n = 0, 1, 2, . . . , (1.2)
where the parametersα andβ are positive numbers and the initial conditions x−1 and x0 are arbitrary non-negative numbers.
This equation may be viewed as a model in mathematical biology, where α is the immigration rate and β the population
growth rate.
Our aim in this work is to study the global attractivity and the boundedness of the solutions of the difference equation
yn+1 = α · e
−(nyn+(n−k)yn−k)
β + nyn + (n− k) yn−k , n = 0, 1, 2, . . . (1.3)
where α and β are positive real numbers, k ∈ {1, 2, . . .} and the initial conditions y−k, . . . , y−1, y0 are arbitrary numbers.
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Here, we review some results which will be useful in the sequel.
Let I ⊂ R and let f : I × I → I be a continuous function. Consider the difference equation
yn+1 = f (yn, yn−1), n = 0, 1, 2, . . . (1.4)
for the initial conditions y0, y−1 ∈ I . We say that y¯ is an equilibrium of Eq. (1.4) if
y¯ = f (y¯, y¯). (1.5)
Let
s = ∂ f
∂u
(y¯, y¯) and t = ∂ f
∂v
(y¯, y¯)
denote the partial derivatives of f (u, v) evaluated at an equilibrium y¯ of Eq. (1.4). Then the equation
xn+1 = sxn + txn−1, n = 0, 1, 2, . . .
is called the linearized equation associated with Eq. (1.4) about the equilibrium point y¯ [3].
The stability of difference equations is also studied in [4–6].
The difference Eq. (1.4) is said to be permanent if there exist numbers P and Q with 0 < P ≤ Q < ∞ such that for any
initial conditions y0, y−1 there exists a positive integer N which depends on the initial conditions such that P ≤ yn ≤ Q for
n ≥ N [7].
2. Locally asymptotic stability analysis of Eq. (1.3)
In this section, we discuss the stability of the solutions of Eq. (1.3). We show that the positive equilibrium point of Eq.
(1.3) is a global attractor with a basin that depend on the conditions posed on the coefficients and on the variable n.
The equilibrium points of Eq. (1.3) are the solutions of the equation
y¯ = α · e
−(2n−k)y¯
β + (2n− k) y¯ . (2.1)
Setting
f (y) = α · e
−(2n−k)y
β + (2n− k) y − y
for y = 0 and y→∞we obtain respectively
f (0) = α
β
> 0 and lim
y→∞ f (y) = −∞
and
f ′ (y) = −α · e
−(2n−k)y (2n− k) [β + (2n− k) y+ 1]
[β + (2n− k) y]2 − 1.
We get that Eq. (2.1) has exactly one solution. This gives us that Eq. (1.3) has a unique equilibrium y¯.
The linearized equation associated with Eq. (1.3) about the equilibrium y¯ is
xn+1 + ny¯
[
1+ 1
β + (2n− k) y¯
]
xn + (n− k) y¯
[
1+ 1
β + (2n− k) y¯
]
xn−k = 0, n = 0, 1, . . . . (2.2)
The characteristic equation of Eq. (1.3) is
λ2 + ny¯
[
1+ 1
[β + (2n− k) y¯]
]
λ+ (n− k) y¯
[
1+ 1
[β + (2n− k) y¯]
]
λ−k+1 = 0. (2.3)
Theorem 2.1. The following statements are true for the positive equilibrium point.
(i) Let n > k. The equilibrium point of Eq. (1.3) is locally asymptotically stable if
y¯ ∈
(
0,
−β +√β2 + 4β
2 (2n− k)
)
. (2.4)
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(ii) Let k > 2n and β − (k− 2n) y¯ > 0. The equilibrium point y¯ is locally asymptotically stable if
y¯ ∈
(
0,
[2 (k− n)+ kβ]−
√
[2 (k− n)+ kβ]2 − 4βk (k− 2n)
2k (k− 2n)
)
. (2.5)
Proof. (i) Using Theorem A of [6] we can write∣∣∣∣−ny¯(1+ 1β + (2n− k) y¯
)∣∣∣∣+ ∣∣∣∣(n− k) y¯(1+ 1β + (2n− k) y¯
)∣∣∣∣ < 1 . (2.6)
From (2.6) we get
(2n− k)2 y¯2 + (2n− k) β y¯− β < 0. (2.7)
Since y¯ is positive, y¯ holds (2.7) if
y¯ ∈
(
0,
−β +√β2 + 4β
2 (2n− k)
)
.
In addition to this result, it can be shown that if k is odd the necessary condition for asymptotic stability does not hold.
Let k be even. By Theorem A of [6], since[
−ny¯
(
1+ 1
β + (2n− k) y¯
)][
(n− k) y¯
(
1+ 1
β + (2n− k) y¯
)]
< 0,
(2.6) is also a necessary condition for asymptotic stability of Eq. (2.2).
(ii) Since k > 2n, using Theorem A and (2.2) we get∣∣∣∣−ny¯(1+ 1β − (k− 2n) y¯
)∣∣∣∣+ ∣∣∣∣− (k− n) y¯(1+ 1β − (k− 2n) y¯
)∣∣∣∣ < 1. (2.8)
Using the hypothesis β − (k− 2n) y¯ > 0, the inequality (2.8) gives us
(k− 2n) ky¯2 − [2 (k− n)+ kβ] y¯+ β > 0. (2.9)
Computations give us that, since y¯ > 0 and β − (k− 2n) y¯ > 0, (2.9) holds if
y¯ ∈
(
0,
[2 (k− n)+ kβ]−
√
[2 (k− n)+ kβ]2 − 4βk (k− 2n)
2k (k− 2n)
)
.
Furthermore, by Theorem A of [6], we get the following results.
(a) Let k be odd. Since
− (k− n) y¯
(
1+ 1
β − (k− 2n) y¯
)
< 0
(2.8) is also a necessary condition for asymptotic stability.
(b) Let k be even. Since(
−ny¯
(
1+ 1
β − (k− 2n) y¯
))(
− (k− n) y¯
(
1+ 1
β − (k− 2n) y¯
))
> 0
(2.8) does not hold as the necessary condition for asymptotic stability. 
Theorem 2.2. Let n = k and β + ky¯ > 0. The equilibrium point of Eq. (1.3) is locally asymptotically stable if and only if
y¯ ∈
(
−β
k
,
− (2+ β)+√β2 + 4
2k
)
. (2.10)
Proof. Using Theorem A of [6] we can write (2.2) in the form
xn+1 −
(
−ky¯
[
1+ 1
β + ky¯
])
xn = 0, n = 0, 1, . . . . (2.11)
Theorem A is a consequence of conditions given in [4,7].
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From this consequence, we get∣∣∣∣−ky¯(1+ 1β + ky¯
)∣∣∣∣ < 1. (2.12)
(2.12) gives us the following inequality:
− 1 < −ky¯
(
1+ 1
β + ky¯
)
< 1. (2.13)
(2.13) gives us two inequalities, which are
k2y¯2 + kβ y¯− β < 0 and k2y¯2 + (2+ β) ky¯+ β > 0. (2.14)
For the equilibrium point both inequalities must hold. Furthermore, from β + ky¯ > 0, we get y¯ > − βk . This give us the
interval
y¯ ∈
(
−β
k
,
− (2+ β)+√β2 + 4
2k
)
.
One can see that characteristic roots of (2.11) lie in the unit disk |λ| < 1 under the condition (2.10). So, k does not play a
role in proving the necessary condition for asymptotic stability. 
3. Global asymptotic stability analysis and the boundedness of the solutions of Eq. (1.3)
Theorem 3.1. Let n ≥ k and {yn}∞n=1 be a positive solution of Eq. (1.3). The following statements are true.
(i) Every solution of Eq. (1.3) is bounded.
(ii) The equilibrium point of Eq. (1.3) is bounded if y¯ > 0.
Proof. (i) Since yn > 0, we have
0 < yn+1 = α · e
−(nyn+(n−k)yn−k)
β + nyn + (n− k) yn−k <
α
β
which gives that every positive solution of Eq. (1.3) is bounded. Thus (i) is true.
(ii) Assume that y¯ > 0. Then
0 < y¯ = α · e
−(2n−k)y¯
β + (2n− k)y¯ <
α
β
which implies that (ii) is also true. 
Lemma 3.1. Let n ≥ k and
f (u, v) = αe
−(nu+(n−k)v)
β + nu+ (n− k) v , n = 1, 2, . . . .
The following statements are true.
(i) f (x, x) is a decreasing function in [0,∞).
(ii) Let u, v ∈ [0,∞). The function f (u, v) is decreasing in each argument.
Proof. The proof is easy and will be omitted. 
Theorem 3.2. Let us have n > k, β > α and suppose that the positive equilibrium point is locally asymptotically stable. Then
the positive equilibrium point is globally asymptotically stable.
Proof. Let us have µ = limn→∞ inf yn,M = limn→∞ sup yn and ε > 0 such that ε < min
{
α
β
−M, µ
}
. There exists n0 ∈ N
such that µ− ε ≤ yn ≤ M + ε. Using Lemma 3.1, we have
αe−(2n−k)(M+ε)
β + (2n− k) (M + ε) ≤ yn ≤
αe−(2n−k)(µ−ε)
β + (2n− k) (µ− ε) , n ≥ n0 + 1.
Then we get the following inequality:
αe−(2n−k)(M+ε)
β + (2n− k) (M + ε) ≤ µ ≤ M ≤
αe−(2n−k)(µ−ε)
β + (2n− k) (µ− ε) .
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This inequality yields
αe−(2n−k)M
β + (2n− k)M ≤ µ ≤ M ≤
αe−(2n−k)µ
β + (2n− k) µ
which implies that
αe−(2n−k)M − βµ ≤ αe−(2n−k)µ − βM.
This inequality can be written as
β(M − µ) ≤ α(e−(2n−k)µ − e−(2n−k)M).
whereα and β are positive parameters. From the hypothesis we have n > k, β > α. In addition to that, from our assumption
M andµ are positive. For these conditions to hold, both sides of the above inequality in brackets must be negative. Thus, this
means thatM ≤ µ. Hence,M = µ = y¯. From Theorem 1 of [6], Eq. (1.3) has a unique equilibrium point and every positive
solution of Eq. (1.3) converges to y¯. The proof of the theorem is complete. 
Example 3.1. Let n = k. For α = 3, β = 50, y−1 = 0.1 and y0 = 0.2, the graph of the first 100 iterations of Eq. (1.3) is given
in Fig. 3.1. Computations give us that the equilibrium point is about (−0.5,−0.005).
Fig. 3.1. Graph of the iteration solution of yn for α = 3, β = 50, y−1 = 0.1 and y0 = 0.2.
We know from Theorem 3.1 that if k = n the solutions of Eq. (1.3) are bounded and positive. But, by Theorem 2.2 we get
that the equilibrium point is negative. So, if k = nwe can not get a globally asymptotic stability.
From Theorem 2.1, we get that if k > 2n and β − (k− 2n) y¯ > 0, there is a positive equilibrium point in the interval
y¯ ∈
(
0, [2(k−n)+kβ]−
√
[2(k−n)+kβ]2−4βk(k−2n)
2k(k−2n)
)
. But if k > 2n, the solutions of Eq. (1.3) are not upper bounded. Since we need
a bounded interval, in which the equilibrium point and the solutions of Eq. (1.3) are, we can not say that the equilibrium
point is globally asymptotically stable, under the condition k > 2n.
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